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Let K be a compact plane set, and let R(K) be the algebra of func- 
tions continuous on K which can be approximated uniformly on K 
by rational functions with poles off K. A representing measure for a 
point z E K is a positive Baire measure X on 8K such that f(z) = 
Jf dh for all f E R(K). Th e set of representing measures for z is a 
convex weak-star compact set of probability measures on aK. 
A point p E 8 K is a peak point of R(K) if there is a functionf E R(K) 
such thatf( p) = 1, while If 1 -C 1 on K\{ p). According to a theorem 
of Bishop, a point p E 8K is a peak point of R(K) if and only if the 
point mass at p is the only representing measure for p. The result 
we are aiming to establish is the following, which extends a theorem 
of Fisher [5]. 
MAIN THEOREM. If the set of representing measures for p E ZK is 
norm compact, tken p is a peak point R(K). 
Another way of phrasing the main theorem is as follows: If p E R 
has a norm compact set of representing measures, and if p is not a 
one-point part of R(K), then there is an analytic disc passing through 
p in the maximal ideal space of R(K). Whether this latter statement 
extends to arbitrary uniform algebras is an open questipn, which 
was raised originally by Bishop (cf. [2], p. 347, problem 9). 
The main theorem is also valid for the close relatives of the algebra 
R(K). It is valid, for instance, for the algebra A(K) of functions 
continuous on K and analytic on the interior K” of K. And it is 
valid for the algebra of functions continuous on the Riemann sphere 
and analytic on a fixed open subset of the sphere. 
Throughout the paper, we will assume a familiarity with the 
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definitions and elementary facts concerning uniform algebras, and 
especially concerning the parts of R(K). For a reference, see [6]. 
1. IVERSEN’S THEOREM 
Let D be a bounded open (not necessarily connected) subset of the 
complex plane. The harmonic measure on 3D for points z E D will 
be denoted by pa. We will need the following version of Iversen’s 
theorem. 
1 .l THEOREM. Let f be a bounded &ire function on aD such that 
3(z) = j f dpz is analytic on D. Suppose u is a continuous real-valued 
function on aD satisfying 1 f 1 < u almost everywhere with respect to 
harmonic measure on aD (i.e., CLB--a.e. for all z E D). Then for all 
z,, E aD, 
lim sup /f(z)1 < u(zJ. 
.zeD )z--‘zo 
Proof, Suppose first that p is a regular boundary point of D. 
Then the harmonic measures pZ converge weak-star to the point 
mass at p as z E D converges to p. Consequently 
as z E D converges top. This proves the assertion, for regular bound- 
ary points p of aD. 
By Kellogg’s theorem, the set of irregular boundary points on 8D 
has capacity zero. Now Theorem VIII 40 of [9], p. 334, (which is valid 
for arbitrary open sets), states that for any zO E aD, 
where R is the set of regular points on aD. The desired estimate now 
follows from the case we have already treated, together with the 
continuity of il. 
2. DOMINANT REPRESENTING MEASURES 
Let K be a compact plane set, and let z, E K. We will assume 
throughout this section that z, has a dominant representing measure, 
that is, that there is a representing measure v for x0 such that every 
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representing measure for zO is absolutely continuous with respect to v. 
It is easy to see that such a measure exists if and only if the set of 
representing measures for z, is norm separable (cf. [S]). 
Let P be the part of x,, . Then every representing measure for every 
point of P is absolutely continuous with respect to v. Since the point 
mass at every point in P n aK is absolutely continuous with respect 
to V, P n 3K is at most countable. Let P n aK = {pi , pa ,... ), and 
let Sj be the point mass at pj . Then 
v = uvo + C ajsj, 
where v, is singular to all point masses. Now each p, has a representing 
measure qr supported on the set of peak points of R(K). Since no 
point p, can be a peak point, Q is absolutely continuous with respect 
to v. . Now set 
? = OvO $1 Ujvj 
Then 7 is a representing measure for z,, which is singular to all point 
masses. Moreover, every representing measure for every point of P 
which is singular to all point masses must be absolutely continuous 
with respect to 77. 
Let H”(v) and H”(v) be th e weak-star closures of A in L”(v) and 
L”(v) respectively. And let vj be the linear functional on H”(q) 
defined by 
Since CJ+ is multiplicative on A, and vj is weak-star continuous, also 
qz~, is multiplicative on Hm(v). The functions in H”(v) are precisely 
those functions f E H”(q), extended to the points pi , pz ,... by the 
relation 
It follows that H”(q) is isometrically isomorphic to H”(v). 
By a theorem from [Z] (cf. [6-j, VI.5.2) concerning the H*-spaces of 
dominant representing measures, every f E H”(v) is the pointwise 
limit v-almost everywhere of a sequence f,, E R(K) satisfying 
IIfnII d Ilf II. 1 n view of the isometric isomorphism of H”(v) and 
H”(q), we obtain the following. 
2.1 LEMMA. Zf f E H”(T), then there is a sequence f, E R(K) such 
that 11 f,, II < II f II and f&z) -+ f (x) for q-almost all z E aK. 
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2.2 THEOREM. Assume, as above, that the points of the part P of 
R(K) have dominant representing measures. Let 7, pi , ?j and ~j be as 
above. Let u be a continuous real-valued function on aK. If f E H”(T) 
satisfies 1 f ) < u v-almost everywhere, then 
I Fj(f)l G u(Pj), i 3 1. 
Proof. We restrict ourselves to the case j = 1. For each 
integer n > 0, let U, be the set of z E K such that ]I z - pr I] < I/n, 
the norm being taken in the conjugate space of R(K). Then U, C P. 
By a theorem of A. Browder [3], each U, has positive Lebesgue 
density at p, . Since P n aK is at most countable, U, n K” cannot 
be empty. Let z, E U,, n K”. Then 
SUP f(%) -f(PdI G l/n- (*) 
f~R(K),Il/!i<l 
Now the harmonic measure pz on aK for points z E P n K” is 
absolutely continuous with respect to 77. It follows easily that the 
formula 
j’(z) = jfdp,, ZEP~K 
extends each f E Ha(v) to be analytic on P n K”. If f E R(K), then 
(This can also be obtained directly, without recourse to 2.1, by 
considering appropriate representing measures for a, and for yr .) 
Hence for all f E H”(q), we have Fr( f ) = lim,,,J(z,J, and 
The proof is concluded now by invoking 1 .l. 
For a more detailed discussion of the homomorphisms ~j for 
special compact sets K, see [IO], where Iversen’s theorem is first 
introduced in the context of problems associated with rational 
approximation. 
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3. PROOF OF THE MAIN THEOREM 
Suppose p E aK has a norm compact set of representing measures, 
while p is not a peak point. We will obtain a contradiction to 2.2. 
The set of representing measures for p is norm separable, so p has 
a dominant representing measure. Hence we can take over the 
notation of Section 2, with p = p, . 
Let Q be the set of representing measures for p, which are absolutely 
continuous with respect q. Then Q is norm compact, and hence 
weak-star compact. By the strict separation theorem for convex sets, 
there exists a continuous real-valued function ZJ on 2K such that 
By Lemma 3.10 of [A (cf. [q, IV.2.4), the norm-preserving (=posi- 
tive) extensions of cpr from H”(r]) to L”(T) are all weak-star continuous, 
and are represented by integration against measures in Q. By the 
monotone extension theorem, 
$$ I w  da = SU~{~~(W) : w E Re(H”O), w < r~) 
for all v eLRP)(v). Applying this to our function u, we find g E H”(v) 
such that Re(g) < u q-almost everywhere, while u(pl) < Re ~r( g). 
Now let f = k E H”(y). Then 1 f 1 < eEl almost everywhere with 
respect to harmonic measure, while 1 vr( f )I > e”(Pl). This contradicts 
2.2, thereby establishing the main theorem. 
4. SOME OPEN PROBLEMS 
Some problems concerning R(K) which have a reasonable chance 
of affirmative solutions are as follows. 
4.1 Problem. Show that if z E K” has a norm compact set of 
representing measures, then the part of z is the component ,of KO 
containing a. 
Under the assumptions of 4.1, it is known that every point on the 
boundary of the component of K” containing z is a peak point for 
R(K). Consequently 4.1 is a special case of the more general conjecture 
that the parts of R(K) are connected. 
4.2 Problem. Show that if I/ is a component of K” such that every 
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point of aU is a peak point of R(K), then points of U have norm 
compact sets of representing measures. 
This problem is a revised version of Bishop’s problem 8 in [2], 
p. 347. The problem has been solved affirmatively for some special 
sets K in [.5]. 
In analogy with 4.1 and 4.2, we can ask when dominant representing 
measures are available. 
4.3 Problem. Show that a point x E K” has a dominant representing 
measure whenever the part of z consists of the component of K” 
containing x, together with an at most countable number of points 
on aK. 
A final problem, which has been solved affirmatively for some 
special compact sets (the champagne bubble sets, cf. [6]) is the 
following. 
4.4 Problem. Show that if z E K” has a dominant representing 
measure v, then f(z) = J f C& establishes an isometric isomorphism 
f-t fof H”(v) and H”(P n KO), where P is the part of z. 
Note added in proof. A compact plane set K such that R(K) has 
a disconnected part has been discovered by A. M. Darie. The example, 
which is a “string of beads,” shows that problems 4.1 and 4.2 cannot 
both have affirmative solutions. 
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